Weyl semimetal may be thought of as a gapless topological phase protected by the chiral anomaly, where the symmetries involved in the anomaly are the U (1) charge conservation and the crystal translational symmetry. The absence of a band gap in a weakly-interacting Weyl semimetal is mandated by the electronic structure topology and is guaranteed as long as the symmetries and the anomaly are intact. The nontrivial topology also manifests in the Fermi arc surface states and topological response, in particular taking the form of an anomalous Hall effect in magnetic Weyl semimetals, whose magnitude is only determined by the location of the Weyl nodes in the Brillouin zone. Here we consider the situation when the interactions are not weak and ask whether it is possible to open a gap in a magnetic Weyl semimetal while preserving its nontrivial electronic structure topology along with the translational and the charge conservation symmetries. Surprisingly, the answer turns out to be yes. The resulting topologically ordered state provides a nontrivial realization of the fractional quantum Hall effect in three spatial dimensions in the absence of an external magnetic field, which cannot be viewed as a stack of two dimensional states. Our state contains loop excitations with nontrivial braiding statistics when linked with lattice dislocations.
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Weyl semimetal is the first example of a bulk gapless topological phase [1] [2] [3] [4] . The gaplessness of the bulk electronic structure in Weyl semimetals is mandated by topology: there exist closed surfaces in momentum space, which carry nonzero Chern numbers (flux of Berry curvature through the surface), which makes the presence of a band-touching point inside the Brillouin zone (BZ) volume, enclosed by the surface, inevitable. This picture, however, relies on separation between the individual Weyl nodes in momentum space, which involves symmetry considerations. In particular, either inversion or time reversal (TR) symmetry need to be violated in order for the Weyl nodes to be separated. In addition, crystal translational symmetry needs to be present, since otherwise even separated Weyl nodes may be hybridized and gapped out.
A very useful viewpoint on topology-mandated gaplessness is provided by the concept of quantum anomalies. The best known example of this is the gapless surface states of three dimensional (3D) TR-invariant topological insulator (TI). The relevant anomaly in this case is the parity anomaly: the θ-term topological response of the bulk 3D TI [5] violates TR (and parity) when evaluated in a sample with a boundary. This anomaly of the bulk response must be cancelled by the corresponding anomaly of the gapless surface state [6] , which is simply the parity anomaly of the massless 2D Dirac fermion [7] [8] [9] .
Analogously, the gaplessness of the bulk spectrum in Weyl semimetals may be related to the chiral anomaly [10, 11] . Suppose we have a magnetic Weyl semimetal with two band-touching nodes, located at k ± = ±Q = ±Qẑ. Crystal translations in the z-direction act on the low-energy modes near the Weyl points as chiral rotations
where we have taken the lattice constant to be equal to unity (we will also use = c = e = 1 units throughout the paper). However, the chiral symmetry of Eq. (1) is anomalous: an attempt to gauge this symmetry fails and produces a topological term [12] 
which expresses the impossibility to conserve the chiral charge and underlies all of the interesting observable properties of Weyl semimetals. In particular, variation of Eq. (2) with respect to the electromagnetic gauge potential gives the anomalous Hall conductivity of the Weyl semimetal
which depends only on the separation 2Q between the Weyl nodes in momentum space. By Wiedemann-Franz law, Eq. (3) also implies a thermal Hall conductivity
which, alternatively, may also be viewed as a manifestation of the chiral-gravitational mixed anomaly [13, 14] .
In the Supplementary Material we discuss a more formal, but physically equivalent, way to describe the chiral anomaly in a Weyl semimetal [15] . Tuning the node separation 2Q between 0 and 2π realizes the transition between a trivial and an integer quantum Hall insulator in 3D [16, 17] , which has to proceed through the intermediate Weyl semimetal phase [18] , unlike in 2D, where there is a critical point (plateau transition). The chiral anomaly also leads to the appearance of Fermi arc surface states, since the action in Eq. (2) fails to be gauge invariant in the presence of a boundary, which makes the existence of a boundary-localized state necessary [19] .
Apart from giving rise to topological response and protected surface states, anomalies can also place strong restrictions on the possible effect of electron-electron interactions. In particular, anomalies prohibit opening a gap without either breaking the protecting symmetry or creating an exotic state with topological order, as was recently discussed extensively in the context of strongly-interacting 2D surface states of 3D symmetryprotected topological orders [20, 21] in bosonic [22] and fermionic [23] [24] [25] [26] [27] [28] [29] [30] systems. In this Letter, we aim to answer analogous questions in the case of a 3D Weyl semimetal: can one open a gap in a Weyl semimetal without breaking translational or charge conservation symmetries while preserving the chiral and the gravitational anomalies, which lead to the electrical and thermal Hall conductivities of Eqs. (3) and (4)? What would be the universal properties of such gapped phases? We note here that effects of strong correlations in topological semimetals have been addressed before in Refs. [31] [32] [33] [34] [35] , but from different viewpoints.
To answer these questions we will adopt the strategy known as "vortex condensation", which has been successful in the context of 2D surface states of 3D bulk TI [24, 25] . We will start by inducing a phase-coherent superconducting state in a magnetic Weyl semimetal (with only a single pair of nodes for simplicity, although the results readily generalize to any odd number of node pairs), which violates the charge conservation. We then attempt to produce a gapped insulator by proliferating vortices and restoring the charge conservation symmetry, while keeping the pairing gap intact. In order to make this procedure well-defined, we will assume the superconducting pairing to be weak, i.e. the induced gap is taken to be much smaller than v F Q, where v F is the Fermi velocity of the Weyl cones. In this case it is impossible to gap out the Weyl nodes by simply pushing them to the edge or the center of the BZ, where they can mutually annihilate without breaking translational symmetry. In the language of the anomaly, we are demanding that the coefficient of the anomaly Q, which takes continuous values and is thus not strictly protected, is fixed throughout the procedure.
It is easy to see that, in this situation, a BCS-type pairing of time-reversed states can not produce a gapped superconductor [36] [37] [38] [39] . It is, however, possible to open a gap by inducing a Fulde-Ferrell-Larkin-Ovchinnikov (FFLO)-type superconducting state instead, where states on each side of the two Weyl nodes are paired [37, 38] . Since pairing in the FFLO state may (approximately) be taken to occur independently in each Weyl cone, let us consider a single (right-handed) Weyl fermion with singlet pairing
Introducing Nambu spinor ψ k = (c k↑ , c k↓ , c † −k↓ , −c † −k↑ ), this may be written as
which is simply the Hamiltonian of a Dirac fermion of mass ∆. This, however, leads to a density modulation and thus broken translational symmetry. Since
will carry momentum 4Q. In general, this breaks translational symmetry, which may not be restored even when the superconductivity is destroyed by proliferating vortices. This is true, except when Q = G/4, where G is the smallest nonzero reciprocal lattice vector. In this case a gapped FFLO state does not break translational symmetry. We will thus concentrate on the Q = G/4 case henceforth.
An important question is what happens to the Fermi arc surface modes of the Weyl semimetal in the FFLO state. The Fermi arc is in principle unaffected by pairing since it is spin-polarized. However, due to the effective doubling of degrees of freedom, induced by pairing, which is corrected by the factor of 1/2 in Eq. (6), the Fermi arc get copied to the part of the BZ outside of the Weyl points, and occupies the range of 4Q, which always coincides with the size of the new BZ, reduced by the translational symmetry breaking in the FFLO state [40] . When Q = G/4, however, this range is identical to the size of the original BZ, which is another way to see why the FFLO state does not break translational symmetry when and only when the Weyl node separation is exactly half the size of the BZ [15] . This implies that, while the electrical Hall conductivity in the FFLO state is no longer the same as in the non-superconducting Weyl semimetal due to the breaking of the charge conservation symmetry, the thermal Hall conductivity remains unaffected and is determined by the length of the Fermi (Majorana) arc
In other words, the chiral-gravitational mixed anomaly is unaffected by the formation of the FFLO state.
We now try to restore the charge conservation symmetry by proliferating vortices in the superconducting order parameter while keeping the pairing gap for the Weyl fermions. If the vortices can be condensed without breaking the translational symmetry, we will obtain a gapped state that is fully symmetric. This state must have σ xy = 1/4π to match the chiral anomaly. To accomplish this, we need to understand carefully what does it mean to condense vortices, which form loops in 3D, without breaking the translational symmetry. In the simpler case of condensing particles, we would want the particle to carry zero momentum (up to a gauge choice). Now we want to achieve the same goal for vortex loops, which means that we want to condense vortex loops that transform trivially under translation. A good way to probe the properties of a loop under translation is to link the loop to a lattice dislocation with the Burgers vector B =ẑ, which inserts a half xy-plane, ending on a dislocation line, as shown in Fig. 1(a) . If a vortex is truly trivial under translation, such a link should not create any nontrivial effect.
Consider first a vortex loop with an odd vorticity, trapping a magnetic flux Φ = (2n + 1)π. A straightforward calculation shows that each time the vortex penetrates an atomic xy-plane, a Majorana zero mode is trapped at the intersection [15] . An ordinary closed loop contains an even number of such zero modes since the xy-plane is penetrated an even number of times. However when linked with a dislocation with B =ẑ, the total number of such penetrations becomes odd and the vortex now carries an unpaired Majorana zero mode.
The effect becomes more drastic when two vortices with an odd vorticity are simultaneously linked to a B =ẑ dislocation. In this configuration we can consider braiding between the two vortices, as illustrated in Fig. 1(b) . This process was first discussed in Ref. [41] and is known as three-loop braiding -the only difference in our case is that the "base" loop is a static dislocation rather than a dynamical excitation. Because of the Majorana zero modes, carried by the vortices when linked with the dislocation, the loop braiding process is non-abelian.
The above reasoning shows that odd vortices should be considered nontrivial under translation symmetry and cannot be condensed without breaking the symmetry.
Yet another way to see this is that if we were to condense such vortices, inserting a dislocation into the system would require the inserted half-plane to be out of the bulk ground state to cancel the nontrivial braiding statistics of the linked vortices (only then a condensate is possible). This implies an energy cost ∼ O(L 2 ) instead of ∼ O(L) for an ordinary dislocation, where L is the system size. This simply means that the translation symmetry has actually been broken in the process.
Now what about vortices with even vorticity? There is no unpaired Majorana zero mode in this case, even when linked with a dislocation [15] . But the braiding statistics between two such vortices, linked with the same dislocation, can still be nontrivial (though must be abelian). Since to match the chiral anomaly we need the Hall conductivity of σ xy = 1/4π per layer, a two-fold vortex (with flux Φ = 2π) will induce a semionic particle with the self-statistical phase θ = πσ xy /(1/2π) = π/2 each time it penetrates the xy-plane. As before, an ordinary twofold vortex loop will not possess nontrivial self-statistics since the xy-plane is penetrated twice. But when linked with a B =ẑ dislocation, each vortex traps an unpaired semion, which leads to semion braiding statistics for the two-loop braiding process in Fig. 1(b) . This nontrivial abelian braiding of 2π vortices, linked to dislocations, is the fingerprint of the chiral anomaly when the U (1) symmetry is broken. We thus come to the conclusion that two-fold vortices are also nontrivial under translations and cannot be condensed.
Analogous considerations imply that four-fold (Φ = 4π) vortex loops have bosonic statistics even when linked with dislocations and thus may be condensed. This produces an insulating state, which does not break either the charge conservation or the translational symmetry and has an electrical Hall conductivity σ xy = 1/4π and a thermal Hall conductivity κ xy = (1/4π)(π 2 k 2 B T /3) per layer. This is an insulating state that preserves all the symmetries and both the chiral and the gravitational anomaly of a Weyl semimetal with 2Q = π.
The insulator thus obtained is not a trivial one -it possesses a Z 4 topological order [42, 43] . The uncondensed one-, two-and three-fold vortices survive as nontrivial gapped loop excitations in the topological order, with inherited nontrivial braiding statistics when linked with dislocations. There are also nontrivial particle excitations. The Bogoliubov fermion in the paired state survives as a neutral fermion excitation. The condensation of 4π vortices also leads to the emergence of a charge-1/2 boson as a gapped excitation -this can be understood as a point defect which, when taken around the condensed 4π vortex loop, acquires a Berry phase of 2π. Furthermore, due to a nontrivial mutual braiding statistical phase of π between a π vortex and a 4π vortex, when linked with a dislocation, the condensation of 4π vortices will also bind a 1/4-charge on a π vortex.
In fact, all of the above properties are closely related to the 2D topological order obtained on the surface of an electronic TI through vortex condensation [24, 25] . This topological order can be viewed as a Moore-Read Pfaffian state plus a neutral antisemion (with the selfstatistics angle −π/2). The only difference in our case is that some of the "vortex-like" particles in the topological order show up as links between loop excitations and a dislocation with B =ẑ. This motivates the following parton construction of the anomalous topological order [30, 44] . We decompose the electron operator as
where b is a charge-1/2 boson, while f is a neutral fermion. The neutral fermion experiences the same electronic structure as the original Weyl semimetal with 2Q = π and the FFLO pairing gap, that does not violate translational symmetry. The neutral Fermi arc surface state then leads to the thermal Hall conductivity
, which is equivalent to a layered p+ip superconductor [45] . The charge-1/2 bosons form a layered bosonic integer quantum Hall state [46, 47] . This state has even integer Hall conductance and zero thermal Hall conductance (more details can be found in Refs. [46] [47] [48] ). In our case the bosonic integer quantum Hall state contributes a Hall conductivity σ xy = 2(1/2) 2 /2π = 1/4π per layer. This gapped insulating state thus reproduces exactly the chiral and the gravitational anomalies of the Weyl semimetal, while preserving its translational and charge conservation symmetries.
The parton decomposition of Eq. (8) and the mean field states of b and f are invariant under a Z 4 gauge transform b → i n b, f → (−1) n f, n ∈ Z 4 , which is consistent with the Z 4 topological order. One can check explicitly that the Z 4 gauge flux loops have the same properties with the remnants of the uncondensed vortex loops from the vortex-condensation construction. For example, a fundamental (Φ = π) vortex is seen by the fermion f as a π vortex, and therefore leads to a Majorana zero mode whenever the vortex penetrates the xyplane. The fundamental vortex is also seen by the boson b as a π/2 vortex, which leads to a fractional charge q = (π/2)σ xy /(1/2) = 1/4 whenever the vortex penetrates the xy-plane. The bosonic integer quantum Hall state also leads to a semion whenever a two-fold vortex penetrates the xy-plane. Again all these properties are sharply manifested when the vortices are linked with dislocations.
In addition to realizing the chiral and the gravitational anomalies of the Weyl semimetal, the above state also provides a realization of the fractional quantum Hall effect (FQHE) in 3D, which may not be regarded as simple layering of weakly-coupled 2D FQHE systems. As discussed above, a magnetic Weyl semimetal with two Weyl nodes is an intermediate phase between an ordinary 3D insulator with σ xy = 0 and an integer quan- 2 as a function of the magnetization, is model-dependent, but becomes universal near each critical point. For noninteracting electrons, we have [18] 
, where A 1,2 are nonuniversal coefficients. We then claim that, in the presence of strong electron-electron interactions, a fractional plateau may exist in σ xy (m), at which the Hall conductivity is quantized to half the value of the integer plateau, σ xy = 1/4π, as shown in Fig. 2 .
It is important to note that the constraint on the possible plateau comes mainly from the thermal Hall response. For a topological order that is genuinely three dimensional, in the sense that all excitations can move in all three directions, the particle excitations can only be bosonic or fermionic. This constrains the thermal Hall conductance per layer to be quantized to κ xy = (n/2)(πk 2 B T /6), where n is odd only if the fermion excitations form layered topological (p + ip -like) superconductors. Plateaus at other values of σ xy are certainly possible, but these states will be unrelated to Weyl semimetals.
A general feature of 3D FQHE liquids (with intrinsic 3D topological orders) is that there will be loop excitations with nontrivial braiding statistics when linked with lattice dislocations. In particular, there will be a loop excitation that can be induced by a 2π magnetic flux loop, with an abelian braiding statistical phase of 4π 2 σ xy , when linked with a dislocation with B =ẑ. This is in parallel with the 2D FQHE, where there always exists an anyon (known as "fluxon") with abelian statistics, determined by the fractional Hall conductance.
LG where r = x 2 + y 2 , ∆(r) is the real magnitude of the superconducting order parameter and θ is the azimuthal angle in the xy-plane. The eigenstates of H may be easily found explicitly if one assumes ∆(r) = ∆ = const [8] . In this case one finds exactly n chiral modes, localized in the vortex core, with the following wavefunctions 
where N p is a normalization factor given by
which is finite and positive when p = 1, . . . , n. As mentioned above, these localized modes are chiral with the dispersion p (k z ) = v F k z . The degeneracy of the chiral modes with respect to the eigenvalue p is not protected and is lifted when perturbations, such as a finite Fermi energy, are introduced. A finite Fermi energy leads to a term − F τ z in the BdG Hamiltonian Eq. (10). The problem may no longer be solved exactly (except at k z = 0), but may be solved perturbatively. At first order one obtains
Thus, even though the degeneracy is lifted, exactly n fermionic modes are still always present at zero energy in the core of an n-fold vortex. This is in contrast to the analogous problem of vortex bound states in a superconducting 2D Dirac fermion [9] , in which case there is always a single zero mode for odd vorticities and no zero modes for even vorticities. The left-handed Weyl node will have an identical set of modes, but with the left-handed dispersion (simply send v F → −v F ). The nontrivial helical Majorana modes in a straight, vertical vortex with odd vorticity can also be understood using the argument in the main text. Recall that a Majorana zero mode is induced whenever a odd vortex penetrates the xy-plane. For a straight, vertical vortex the translation T z is a good symmetry. We can therefore view the vortex line as a 1D translationally-invariant chain with one Majorana zero mode per unit cell. Such a system has a Lieb-Schultz-Mattis type of constraints on the low energy theory, and cannot be gapped without breaking translation symmetry [10] .
